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Let g be a coloring of the set {1 .... , N}=[1, N] in red and blue. For each arithmetic 
progression A in [1, N], consider the absolute value of the difference of the numbers of red and 
of blue members of A. Let R(g) be the maximum of this number over all arithmetic progression 
(the discrepancy of g). Set R(N)=min R(g) over all two-colorings g. A remarkable result of 

g 

K. F. Roth gives* R(N)>>N 114. On the other hand, Roth observed that R(N)<<N 1/z+" and sug- 
gested that this bound was nearly sharp. A. Sfirk6zy disproved this by proving R(N)<<N t/~÷~. 
We prove that R(N)=N x/4÷°~1) thus showing that Roth's original lower bound was essentially 
best possible. 

Our result is more general. We introduce the notion of discrepancy of hypergraphs and 
derive an upper bound from which the above result follows. 

I. Introduction 

The basic problem of combinator ia l  discrepancy theory is how to two-color 
a set as uni formly as possible with respect to a given family of  subsets. What  we 
want  to achieve is that  the coloring be nearly balanced in each of the subsets con- 
sidered. 

Perhaps the most  popular  problems of  this k ind are those concerned with 
the deviat ion from uniformi ty  of  colorings of  the integers [1, N] with respect to 
some families of  ari thmetic progressions. 

The classical example is van tier Waerden ' s  theorem (cf. [3]) concerned with 
monochromatic ari thmetic progressions. In  this case, however, the length of the 
monochromat ic  ari thmetic progressions is extremely small. For  longer ari thmetic 
progressions, it is interesting to have in format ion  abou t  the discrepancy of the color- 
ing, i.e. the difference of  the numbers  of blue and  red points in each progression. 
A remarkable  result of K. F. Roth  [4] of this type is the following. 

* Following the common usage among number theorists (e.g. [1]), we use the typographically 
more convenient notation f(N)<<g(N) to mean f(N)=O(g(N)), i.e. [f(N)/g(N)[ is bounded. 

AMS subject classification (1980): 10 H 20, 10 K 35; 10 L 20, 05 C 65, 05 C 55 
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Theorem 1.1 (K. F. Roth). Define R(N)=m;m max [•g(a+kd)t , where the maxi- 
a,d k 

mum is taken over all arithmetic progressions in [1, N] and the minimum is taken 
over all functions g: [1, N]~  {+ 1, - 1}. Then R(N)>>N z/4. 

In fact. Roth proved that ~ ~(a+kd)2 is "'large" oll average, where the 

average is taken over all arithmetic progressions in [1, N]. Actually, Roth proved. 
employing the theory of complex variables, the following general result on the 
discrepancy of sequences with respect to arithmetic progressions. 

For notational convenience let 

Mh, q(m ) = {i --< a _--<- m: a --= h (rood q)}, 

that is, Mh,q(m) denotes the intersection of the congruence bass h (mod q) with 
the interval [1, m]. 

Theorem 1.2 (K. F. Roth). Let N be an3' integer, d a subset of [1, N]. For positive 
integers h, q and m, let 

Dh,q(m, s~[) = Dh,q(m) = I1~¢ r)Mh.._(m)l--~/" IM,,.q(m)[ l, 

where ;l = Is~l/N denotes the densit), of d .  Set 

q 

Vq(m) :- Z D~,q(m). 
h=a 

Then ,['or any integer Q, 

Q ,v Q 

Z q-Z Z V~(m)+Q Z Vq(N) >> q . ( I - r / ) -QS.  N; 
q = l  m = l  q = l  

where the implicit constant is absolute. 

Choosing Q=[_N~/~J (L_xA stands for the greatest integer <=x), one can 
easily deduce Theorem 1.1 (details are left to the reader). 

As Roth writes, Theorem 1.2 says that a sequence .x/ cannot be "'well-dis- 
tributed simultaneously among and within all congruence classes". 

Let us return to the order of magnitude of R(N). In the other direction, 
Roth observed that the "probabilisfic method" immediateIy gives R(N)<< 
<<N~/".(log N) ~/2 and suspected that for every e>0,  R(N)>>N z/2.". P. Erd6s 
(cf. [2], § 8) showed that R(N)<<N ~/2. J. Spencer [5] subsequently improved this 

to R(N)=o(NX"'~), more precisely R(N)<<N a/21°gl°gN, A. S~.rk6zy (cf. [2], 
log N 

§ 8) unexpectedly reduced the upper bound to R(N)<<N ~/3+~, disproving the con- 
jecture of Roth. The objective of this paper is to prove R(N)<<N ~/4+~. This shows 
that Roth's lower bound is essentially best possible. 

Theorem 1.3. R(N)<<N 1/4. (log N) ~1''. 
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2. Discrepancy of hypergraphs 

We introduce some notation. [H[ denotes the number of elements of the set H. 
By a hypergraph we mean a finite family of finite sets. Given a hypergraph ~ ,  let 

S ( ~ )  = vertex-set of ~ = U A, 

Deg(a{'~, x) = degree of x in ~ = [{AE~,~: xEA}I, 

Deg (Jr) --- degree of ~ = max Deg ( ~ ,  x), 

Disc (Yt °) = discrepancy of ~f  = min max ~ g(x)[, 
AE"~t~' x E A  

where the minimum is extended over all functions g: S(aCf)o {+ 1, -1}.  
In order to prove Theorem 1.3, we state a general upper bound on the dis- 

crepancy of hypergraphs. 

Theorem 2.1. Let  9f ~ be a hypergraph and assume that one can f ind  a real number t 
such that 

Deg({AE.Jf: Ihl -> t}) <-- t. 
Then 

Disc ( ~ )  ~ c o • t 1/2 . (log la~l) 1/2 • log IS(a~)l, 

where co is a universal constant. 

First we deduce Theorem 1.3 from Theorem 2.1. For notational convenience 
let AP (a, d, i , j ) ,  i ~ j ,  denote the arithmetic progression with difference d, starting 
from a + i d  and terminating at a+jd ,  i.e. 

A P ( a , d , i , j )  = { a + k d :  i <- k <=j}. 

We call an arithmetic progression elementary if its length is a power of 2, 
say 2 ~, s~0 ,  it has difference d=>l and starts from b+(i2S)d, where l<=b<=d 
and i=>0, or more formally, if it is of type AP (b, d, i2 s, ( i+ 1)2 ~-  1), where 1 =<b =<d, 
d=>l, i->0 and s~0 .  

Let ~ denote the family of elementary arithmetic progressions contained 
in [I ,N],  i.e. 

~ n =  { A P ( b , d ,  i 2 ~ , ( i + l ) 2 ~ - l )  C- [1, N]: 1 ~ b <=d, d ~_ 1, i >-_ O, s ~ 0 } .  

By definition 

Deg({AE~ffn: [AI ~ k}) = max ImEAP(b, d, i2 s, ( i+ l )2S-1 )  
rtl  

~=[1, N]: 2~ _-> k}] = max ~ '  ~ '  ,~"1, 
m l~_d~_n /k  l ~ z b ~ _ d  s 

b = m (too d d) 

where the summation ~ "  is taken over all s for which 2~->k and b + ( 2 s - 1 ) d < - N .  
Simple calculation shows that 

Z ' I  <= log2 (N/(dk)) ,  
$ 
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(log., x stands for base 2 logarithms.) Thus we obtain 

Deg({AE~t~N: [AI -~ k}) ~ max ~ ~ log.z(N/dk) = 
m l ~ d ~ N ] k  l~_b~_d  

b ~- m (rood d) 

: 2;  log~(g/dk) <= e~N/k 
l ~ _d~ _N [k  

with a suitable constant c~. 
Set t=-(c~N) ~/2. Applying Theorem 2.1 to JC'N we conclude that 

(1) Disc (3fs) ~ Co tl/~ (log [Yg'u[) ~P" log [S(.;(fs)[ << Na/4(log N) ~/~, 

since clearly ]Yfsl_<-N 2 and S(.#fs)=[I,N]. 
We claim 

(2) R(N) _~ 2 log2 N Disc (YfN). 

First observe that any arithmetic progression {a,a+d . . . . .  a+md}C=[1, N] is 
representable in the form 

AP (b, d, O, p O \ A P  (b, d, O, p~.), 

where a = b + p j ,  l<-bz~d, and p~=m+p2. Moreover, both AP(b,d,O,  pi), 
i---1, 2, are unions of not more than log2 N disjoint elementary intervals, that is, 
disjoint members of J ~ .  More formally, 

where 

, ( . 1  , } 
AP(b,d,O, p i )= U AP b,d, ~ 2 s(~'j), ~ 2 s ( i , J ) - I  , 

r = l  j = l  j = l  

I i 

p i+ l  = ~ 2  s(i'iJ,s(i,1) > s(i, 2 ) > . . . >  s(i,l,). 
j = l  

Since li<=log.~(pi+l)<-_log~N, then (2)follows. 
By (1) and (2) we obtain 

R(N) ~ 2 log,2 N Disc (WN) << N1/a(log N) 5/z. 

completing the deduction of Theorem 1.3 from Theorem 2.1. 

3. The basic lemma 

The proof of Theorem 2.1 will consist of a repeated application of the fol- 
lowing result. 

Lemma 3.1. Under the hypothesis of Theorem 2.1 there exists a function f: S ( ~ ) ~  
{0, +1,  - 1 }  such that 

(3) } ~ f ( x )  I ~ c2P/"(log [-~1) ~/~ for every AEoCf, 
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and 

(4) l{x<S(,Yf): f ( x )  = 0}1 ~ 1-~ ]S(--N')}, 

where c2 is a universal constant. 

Proof. Set 24e*={AC~: ]A}>=t}. Let I S ( ~ ) I = N  and ]Jf*l=K. Let G donote 
the set of 2 N functions g: S ( ~ , P ) ~ { + I , - I } .  Using the well-known asymptotic 
properties of  the binomial coefficients (cf. Chernoff [1]) we obtain for every fixed 
A E ~  

I{g~G: xEA[Zg(x)I > 2]/[A11/2}I = 2N-[A[ Z l / z (  [A[ ) <= 2N e-~,21 '~. 
[i-IAI/21>U[A[ 

From this it follows that for a sufficiently large constant c3 the cardinality of the set 

G1 = {gEG: I ~Ag(x )  I <= ca([A[loglYf]) 1/2 for every A~,~}  

is greater than 2 ~-~. 
Let #f*={A~,  ..., AK}, and for each i, I di<-K,  let us partition the interval 

I; = [-c3(IA~l log I ,sq'D ~/2, c3(IA~I log [_g'[)1/2] 

into k(tAi[/t)ll2_J equal segments, 

r I 
Ii = U Ii, j with rl = L (IAiI/ta/LJ. 

j=l  

Let us now associate with every function gCG1 the K-dimensional vector ~(g) 
as follows: if 

,~  g(x)~ Ii, j,, l ~= i <- K, 
xEA i 

then let 
(g) = (Jl, J~ . . . . .  JK). 

We are going to prove that there are at most 2 aN/l° such vectors. By definition 

} } [{~(g): gCGa}l -< / / r ~  ~ ~ exp [Ail/2et < exp [A~]/5t . 
i=1 I,i= 1 t ] i-- i 

Here we used the following well-known elementary inequality: 
For  any positive reals bl . . . .  , b~, 

(5) bl <= exp bile . 
i=1 i 

By the hypothesis of  the lemma, Deg (Yf*)=< t. Therefore 

K 

ZIAII = Z 
i= 1 x E S(a~) 

Deg ( ~ * ,  x) _<- 1S(~)l  Oeg ( ~ * )  ~ IS(Jf)l t. 
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K 

Thus we have • IA~l/5t<= 1S(,~)1/5=N/5 and 
i = 1  

I{~(g): gEGa}l < exp A~l/5t < e N/~ < 23N/1°, 
i 

as stated. 
By the pigeonhole principle we conclude that there is a subset G2=G~ such 

that [Ge[>--IG~12-SN/X°>=27N/l°-~ and ~(g ' )=~(g")  for all g',g"EG2. 
Choosing an element goEGz, set 

F~ = {(g,-e) /2:  gEG~}. 

By definition F., is a set of functions f :  S(._,vg)~ {0, +1,  - 1 }  with the properties 
that 

! ~a f (x )  ] <= 2max, EG, ]~A g(x)] <= 2C3(IA[ log ]~/gl) 1/z <= 2c3(t log 1~1) l/z, 

for every A E ~ \ ~ * = { A E ~ :  [Al<t}, and 

]x~af(x)[ -<_ maxi, j length lii. 

for every A E ~ * .  Since 1~,i has length exactly 

2cs(Iail log IJ/gl)I/2/L(IAel/t)l/"_l = c4tal2(log I~¢gl) 1/~, 

we conclude that every element of  F2 satisfies inequality (3) in the lemma. There- 
fore it remains to find an element of  F~ satisfying (4). 

Let F* denote the set of  functions f :  S ( ~ ) ~ { 0 ,  +1,  - 1 }  such that 

Clearly 

o 9N 
l{x~S(~) :  f(x) = 0}1 ~ ,-~ IS(~)l  - 10" I t /  

~NIIOJ [N} ( N ) 2  N/l°< 2 T M  < IF2[, IF*l = Z 2i=<2 = 
,=o [ N/IOA 

so that the difference F z \ F *  is non-empty. The lemma follows. 1 

4. Proof of Theorem 2.1 

Lemma3.1 yields the existence of  a function f~: S(._¢g)~{0, +1,  - 1 }  sat- 
isfying (3), (4). Let o'¢gl be the restriction of  ~ to 

that is, let 
A-l(0) = {x~S(.xe): A(x) = 0}, 

~ = {A hA-l (0) :  AC~}.  

Obviously deg ({BEo~aI: [Bl~t})_<-deg ({AEJf': ]Al>=t})<=t. Applying I_emma 3.1 
to ~ut" 1 we obtain the existence of  a function f2: S(o~f'l) ~ {0, + 1, - 1 }  satisfying 
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(3), (4). Repea t ing  this a rgument ,  a t  the i-th step we obta in  a funct ion f i :  S(.;¢~_1) ~ 
-*{0, + 1 ,  - 1 }  such tha t  

[ Z f ( x ) l  ~ c2tl/2(logl~4",._11) 1/2 for every BE~C'i_.a, 
x ( B  

and  

[{xES(.~,-_l):  f ( x )  = 0}1 -<- ~ I S ( ~ - 0 l .  

The p rocedure  s tops within 

W =  I__log ] S ( ~ ) l / l o g ( l O / 9 ) 3  + 1 
steps, since 

IS(~)[  = I{xcS(¢~._0: f~(x) = 0}1 <-- I S ( ~ - 0 ]  <= IS(,~)l. 

Set g = ~ f ~ .  Observe that g has only values '_I_1. For AE~f let A (° 
i_~l 

denote A ('/S(o~(Y~) for i ~  1 and set A(°)=A. Clearly A(oE S(~'g~). From the defini- 
tion o f  the p rocedure  above  fol lows 

g(x  = ]i(x ~ Z . / , (x  _-< 
x : ,  i ~ l  x E  -1) i~ x ~ A  U-I~ 

:~ ~ '  ce t~/~'(log IJ~;- ~[) ~/" --< ce t ~/e (log [J{I) ~/e W, 

for every A ~ og('. Thus  Theorem 2.1 is proved.  ! 
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